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Abstract- In this paper, we give a generalization of Hicks type contractions and SB- type contractions in fuzzy metric
spaces. We prove some fixed point theorems for these new type contraction mappings on fuzzy metric spaces. Moreover, we
compare between of these of contractions. These results generalize some known results in fuzzy metric spaces and probabilistic
metric spaces.
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L. INTRODUCTION

In 1972, the notion of contraction mappings on probabilistic metric space was introduced by Sehgal and Bharucha
[1] and they proved that every such mapping on a complete Menger probabilistic metric space (X, F,A) has a unique
fixed point. Subsequently, Sherwood [2] showed that a very large class of t-norms it is possible to construct complete
Menger probabilistic metric space together with contraction mapping which have no fixed point. Recently, Hicks [3]
considered another notion of contraction mappings and he showed that every such mapping on a complete Menger
probabilistic metric space (X,F,A) has a unique fixed point. In this paper, we give the new version of Hicks type
contraction in fuzzy metric space.

In this paper, we shall give a generalization of Hicks type contractions and SB-type contractions on fuzzy metric
spaces and prove some fixed point theorems for this new type contraction mappings on fuzzy metric spaces. Let N be
the set of all positive integers. The structure of this paper is as follows. In Section 2, we recall some definitions and the
uniform structure of fuzzy metric spaces. In Section 3, we give some concepts on SB-contraction and prove some fixed
point theorems in fuzzy metric spaces. Section 4 is devoted to introduce a version of Hicks-contraction in fuzzy metric
space. In section 5, we compare between of these two contractions. Our results generalize and extend many known

results in fuzzy metric spaces and probabilistic metric spaces, see [4-6].

1L PRELIMINARIES

In this section, some definitions and preliminary results are given which will be used in the sequel.

Definition 2.1 [7]. A binary operation A: [0,1] x [0,1] = [0,1]] is continuous t-norm if A satisfying the following
conditions:

(1) A is commutative and associative;

(2) Ais continuous;

(3) A(a; 1) = aforalla € [0; 1];

(4) A(a; b) £ A(c; d) whenevera<candb < dforalla,b,c,d € [0; 1].

16



MAYFEB Journal of Mathematics
Vol 3 (2016) - Pages 16-23

Some typical examples of t-norm are the following:
A(a; b) = ab; (product)
A (a; b) =min{a,b}; (minimum)

A (a; b) = max{a + b — 1,0}; (Lukasiewic)

ab
a+b—ab’

A(a, b) = (Hamacher)

Definition 2.2 [5]. A triple (X, M, A) is called a fuzzy metric space (briey, a FM-space) if X is an arbitrary (non-empty )
set, A is a continuous t-norm and M is a fuzzy set on X X X X [0,1)

such that the following axioms hold:

(FM-1) M(x,y,0) = O forallx,y € X,

(FM-2) M(x,y,t) = 1 foreveryt > 0if andonlyif x = vy,

(FM-3) M(x,y,t) = M(y,x,t)forallx,y € Xandt > 0,

(FM-4) M(x,y;.) : [0;0) — [0; 1] is left continuous forallx; y € X,

(FM-5) M(x,z,t + s) = A(M(x, v,t),M(y, z, s)) forallx,y,z € Xand for allt,s € [0, ).

We will refer to the fuzzy metric spaces in the sense of Kramosil and Michalek as KM-fuzzy metric spaces. If, in the
above definition, the condition (FM-5) is replaced by the condition:

(FM-5A) M (x, z, max{t,s}) = A(M(x, v, t),M(y, z, s)) forallx,y,z € X and for allt,s € [0, ).

Then (X,M,A) is called a strong metric space. It is easy to check that (FM-5A) implies (FM-5), that

is, every strong fuzzy metric space is it-self a fuzzy metric space.

Definition 2.3 [9]. A triple (X, M, A) is called a fuzzy metric space (briey, a FM-space) if X is an arbitrary (non-empty)
set, A is a continuous t-norm and M is a fuzzy set on X X X X [0,1) such that the following axioms hold:

(FM-1) M(x,y,t) > O forallx,y € Xandt > 0,

(FM-2) M(x,y,t) = 1 foreveryt > 0if andonlyif x = vy,

(FM-3) M(x,y,t) = M(y,x,t)forallx,y € Xandt > 0,

(FM-4) M(x,y;.) : [0;0) — [0; 1] is left continuous forallx; y € X,

(FM-5) M(x,z,t + s) = A(M(x, y,t),M(y, z, s)) forallx,y,z € X and forallt,s € [0, ).

We will refer to the fuzzy metric spaces in the sense of George and Veeramani as GV-fuzzy metric spaces.

Example 2.1 [9]. (1) Let (X, d) be a metric space. Define a t-norm by A(a, b) = ab, and set

t
Md(xly:t) = t+d(x y):

forallx,y € Xandt > 0.
Then (X, My, A) is a strong fuzzy metric space; M, is called the standard fuzzy metric induced by d. It is interesting to
note that the topology induced by the M,; and the corresponding metric d coincide.
(2) Let (X,d) be a metric space. Define a t-norm by A(a, b) = ab and set

M(x,y,t) = exp (— [@D , forallx,y € Xand t>0.

Then (X,M,A) is a strong fuzzy metric space.
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Lemma 2.1 [8]. Let (X, M,A) be a FM-spaces. Then M (x, y, t) is non-decreasing with respect to t, forall x,y € X.
Lemma 2.2 [11]. Let (X, M,A) be a FM-spaces. If there exists k € (0, 1) such that

M(x,y, kt) = M(x,y,t)
forallx,y € X andt > 0,thenx = y.

Definition 2.4 [9]. Let (X, M, A)be a fuzzy metric space with a continuous t-norm A.
(1) A sequence {x,} in X is said to be convergent to x in X if for every € > 0 and
A >0 there exists a positive integer N such that M (x,, x,€) > 1 — 1 whenevern = N;
(2) A sequence {x,,} in X is said to be Cauchy sequence in X if for every € > 0 and
A >0 there exists a positive integer N such that M (x,,, x,,, €) > 1 — 4 whenevern,m > N;
(3) (X, M, A) is complete if every Cauchy sequence in X is convergent to some point in X.

The (g, 1) —topology 7 in a fuzzy metric space is introduced by the family of neighborhoods
Nx of apoint x € X given by

N, = {N,(g,1):e > 0and 1 € (0,1)}

where

N,(e, ) ={yeX:M(x,y,&) >1— AL
The (&, 1)-topology 7 is a Hausdorff and first countable. In this topology the function T is continuous at x € X if and

only if for every sequence x, — x it holds that Tx,, - Tx.

I11. SB-CONTRACTION MAPPINGS IN FM-SPACES

In this section, we give some fixed point theorems of the SB-contraction type in fuzzy metric spaces.

Definition 3.1. Let (X, M,A) be a fuzzy metric space with continuous t-norm A. A mapping T: X - X is a

contraction mapping (or a SB-contraction mapping) if and only if there is an u € (0,1)such that

M(Tx, Ty, t) =M (x,y,i), forevery x,y € Xand t > 0. (1)

Lemma 3.2. Let (X, M, A) be a fuzzy metric space with continuous t-norm A . LetT : X — X
be a contraction mapping satisfying condition (1). Then either
1) T has aunique fixed point, or

2) Forevery p, € X, sup{GpO(t): t >0} <1, where
Gpo ) = inf {M @0, P, t): Pm = TPm-1,m € N}
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Proof. Suppose that there exists a point p, € X such that sup{Gp0 (t):t= 0} = 1. Then we have

t t
M@ Prsms £) 2 M(Po, P ) = Gy (#_n)

Thus, since G, is non-decreasing,

lim My, Pim t) = 1
for all t > 0 independent of m, i.e., {p,} is a Cauchy sequence in a T-complete fuzzy metric space. Consequently,
there is a point p* € X such that {p,} converges to p*. To see that Tp* = p* it suffices to notice that, for every

positive integer n,
* * * t * t
M@Tp"p",0) = (M (10", b 5) M (97,03

>A (M (Tp*,pn_p%)'M (p*' Pns é))

Thus, forall t > 0, we have
* * * t * t
M(Tp Nz !t)ZA M(Tp !pn—lli)'M(p ,pn,z) =1

Therefore, p* is the unique fixed point of T. This achieves the proof.
Theorem 3.3. Let (X, M, min) be a complete fuzzy metric space with continuous t-norm min.
Let T: X — X be a contraction mapping satisfying condition (1). Then T has a fixed point in X.
Proof. Letp, € X and let {p,} be the sequence of iterates of p, defined by p, = Tp,_1, n = 1,2, .... Then for every
positive integer m,

A-wu+p?+-+p™ =p—pm™ <1,
whence we have

M®o, P, t) = Mo, P, (1 — ) ( + 42 + -+ ™))

> min(M (po, m, (1 = W), ., M1, P, (1 = U™ 11))

= M(po, p1, (1 — )t)
Thus G, M(po,p1, (1 — p)I), where I: R* - R* is the identity function. Therefore, the conclusion now follows from

Lemma 3.2. This achieves the proof.

Iv. HICKS FIXED POINT THEOREM AND ITS GENERALIZATION

In 1983, Hicks [3] introduced another notion of contraction mappings, which refer to as an contraction. In this

section, we present the version of H-contraction in fuzzy metric space.

Definition 4.1. Let (X, M,A) be a fuzzy metric space with continuous ¢ —norm A. A mapping
T: X - X iscalled H-contraction mapping if for any ¢ > 0 and for any x,y € X,

M(Tx, Ty, kt) > 1 —kt (2)

whenever M(x,y,t) > 1 — t, wherek € (0,1) is a constant.
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Lemma 4.2. Let (X,M,A) be a complete fuzzy metric space with continuous t —norm A, T: X - X be H-
contraction mapping satisfying (2),
1) Forany & > 0,1 > 0, there exists a positive integer n(&, A) such that for all p,q € X and
n=n(eg ),
M(T"p, T™q,e) >1—2, 3)
2) T has at most one fixed point in X,

3) T isuniformly continuous.

Proof. (1) Since clearly M(p,q,1 + €) > 1— (1 + ¢), it follows from (2) that

M(T”p, T™q, k™(1 + e)) > 1-k"(1+¢).
Since k € (0,1) forany € > 0,1 € (0,1) , there exists n(¢, 1) € N such that k™ (1 + €) < min{e, A}  for any
n = n(e,A). Hence for any n = n(g, 1), we have

M(T"p,T™q,&) = M(T™p, T™q, k™(1+€))>1—k"(1+e) =1— A
(2) If p,q € X are fixed points of T, then for any n > land T"p =p, T™q = q . By the conclusion (1), for any
€>0 and forany A € (0,1), M(p,q,&€) >1—A. This implies thatp = gq.
(3) Let € >0 and A € (0,1) be given and choose &§ > 0 such that k& < minf{e, 1}. Now if p,q € N(§,6), where
N(5,6) is the (§,6) -neighborhood, ie., M(p,q,8) >1—45. Since T is a H-contraction mapping, we have
M(Tp,Tq, k&) > 1 — &. Hence, it follows that
M(Tp,Tq,e) = M(Tp,Tq,k8) > 1— k6 > 1-56,

which means that (Tp,Tq) € N(e,2). This achieves the proof.

Theorem 4.3. Let (X, M,A) be a complete fuzzy metric space with continuous t —norm A such that
SUPy<;<1A(t, t) = 1. Then each H-contraction mapping T on X has a unique fixed point and, for any p, € X, the

iterative sequence {T™p,} converges to this fixed point.

Proof. Let € > 0 and A € (0,1) be given. By Lemma 4.2 (1) there exists a positive integer n(e, A) such that (3) holds.
Taking p = p,, and q = p,, then for all n = n(e, 1) and m = 1, we have
MPpsm Pny€) = M(T"py, T"po, ) > 1 — €.

Therefore, {p,,} is a Cauchy sequence. Since X is complete, we may assume that p, - p*. By Lemma 4.2, it follows
that Tp* = p*. . ,i.e., p” is a fixed point of T and it is unique. This achieves the proof.
If the t —norm A in Theorem 2 satisfies the following condition:

A(a,b) = maxfa+ b —1,0},a,b €[0,1], 4
then we have the following:

Theorem 4.4. Let (X, M,A) be a complete fuzzy metric space with continuous t —norm A satisfying (4). Then

a)  d*(x,y) =sup{t e R":M(x,y,t) <1—t} 5)
is a metric on X, and the metric topology on X induced by d* coincides with the topology T on X induced by the family
of neighborhoods:
{U c X: for each x € X, there exists € > 0 such that N, (¢, &) c U}, (6)

where N,(g,e) ={y € X:M(x,y,&) >1—¢&}.
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b) The mapping T:X — X is an H-contraction on (X, M, A) if and only if T is a Banach contraction mapping on
the metric space (X,d") , if and only if there exists a k € (0,1) such that
d*(Tx,Ty) < kd*(x,y) @)
Proof. (a) First we point out from the definition of d* defined by (5) has the following property:
dx,y)<toe Mx,yt)>1—-t t>0 ®)
Now we prove that d* is a metric on X. In fact, it is obvious that d*(x,y) = 0, d*(x,y) = d*(y,x)
and d*(x,y) = Oifandonlyif x = y. Besides, by the definition of d*, foranye >0 andx,y,z € X, we have

M(x,z,d*(x,z) +§) >1-d*(x,2) —E )

M (y,z,d*(y, z) + g) >1—-d*(y,z) — % 9)

Hence from the definition of FM-space and the above expression it follows that
M(x,y,d*(x,2) +d*(y,z) + &) = A(M (x,z,d*(x, z) + 2),M (y, z,d*"(y,z) + g))

>M (x,z,d*(x,z) + g) +M (y,z,d*(y,z) +§) -1
>1—(d(xy)+d(yz)+¢).
Using (8), we have
d*(x,y) <d*(x,z) +d*(z,y) + ¢
Letting ¢ — 0, we have
d*(x,y) <d*(x,z) + d*(z,y), for allx,y,z € X.
Next, in order to prove the metric topology induced by d* coincides with the topology 7 induced by the family of
neighborhoods defined by (6), it suffices to note from (8) we can prove that
Ny(e,t) ={y e X:d"(x,y) < &}
This achieves the proof of (a).
(b) If T: X - X isan H-contraction on (X, M,A), then for any t > 0 suchthat M(x; y; t) > 1 —t, wehave
M(Tx, Ty, kt) > 1 — kt.
By (8), that is to say, forany t > 0,if d=* (x,y) < t, then we have d*(Tx,Ty) < kt. Letting
t—>d*(x,y) forall x,y € X, we have
d*(Tx,Ty) < kd*(x,y) (10)
This shows that T is a Banach contraction mapping on (X,d*). Conversely, if T is a Banach contraction mapping on
(X, d*) satisfying (10), then for any ¢ > 0 such that M(x,y,t) > 1 — t. By (8), we have d*(x,y) < t. From (10),
it follows that d*(Tx,Ty) < kt. Hence
M(Tx, Ty, kt) > 1 — kt.

which shows that T is a H-contraction. This achieves the proof of (b).
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V. COMPARISON OF SB-CONTRACTION AND H-CONTRACTION

It follows at once from Theorem 4.3 that every H-contraction on a complete fuzzy metric space
(X, M, A) with A= A, has a unique fixed point. But this not the case for SB-contraction. Thus a SB-contraction need not
be an H-contraction. Similarly, as the following shows, an H-contraction need not be a SB-contraction.

Example 5.1. Let E = N U {0} and for any p, q € E, define

0, if t <2 minlp.a);
M(x,y,t) ={ 1—2-mnpa}  jf2-minlpd <t < q;
1, ift>1.

It is straightforward to verify that (X, M, min) is a fuzzy metric space. Define T: E — E by T(n) = n + 1. Since

min = Am and

1
sup{t e R":M(Tx, Ty, t) <1—t}= Esupt{t ERY:M(x,y,t) <1—t},

therefore, if t > 0 and satisfies M(x,y,t) > 1 — t, then we have M (Tx, Ty,%t) >1- % This means that T is a H-

contraction mapping on (E, M, min). Next, let r € (0,1) be any number and choose t € % Then rt < 1, so that

M(T(0),T(1),7t) = M(1,2,7t) < % <1=M(0,1,0).

Thus T is a SB-contraction mapping. The above discussion shows in general the H-contraction and SB-contraction are
independent.

Now, the following lemma explains that that SB-contraction in a fuzzy metric space is stronger than that of H-
contraction.
Lemma 5.2. Let (X,M,A) be a fuzzy metric space. If T is SB-contraction and if M(Tx, Ty, .) is strictly increasing
on [0,1], then f(Tx Ty) < B(x,y), where

Blx,y) =inf{t:M(x,y,t) >1—t}.

Proof. We find n such that 0 <7 < 1%,8(35, v). Then, we have B(x,y) >y [B(x; y) + n]. Since

M(Tx,Ty,.) is strictly increasing on [0; 1], so 0 < B(x; y) <1, andsince T is a SB-contraction, so we have
B(Tx,Ty) = M(Tx,Ty,B(x,y)) > M(Tx,Ty,y [BCx; ¥) +n])
> M(x,y, B, ) +1>1-B(xy)
This implies that 8(Tx,Ty) < B(x,y). This achieves the proof.
In general, every SB-contraction need not be an H-contraction. To show this, we have the following example:
Example 5.3. For each integer n, letp,, : (0,1) - R* be given by p, (t) = 27™(1 — t)t~1. Also, let X =

{pp:nis aninteger}, let P be Lebsegue measure on (0,1), and forx >0, let
x

M (P, pm,x) = P{t € (0,1): [pn(t) — pm (O] < x} = PN

Then, a function T : X — X defined by T(p,,) = pn41 is @ SB-contraction but not is H-contraction.
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