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Abstract- In this paper, we give a generalization of Hicks type contractions and ۰܁- type contractions in fuzzy metric 
spaces.  We prove some fixed point theorems for these new type contraction mappings on fuzzy metric spaces.  Moreover, we 
compare between of these of contractions. These results generalize some known results in fuzzy metric spaces and probabilistic 
metric spaces. 
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I. INTRODUCTION 

        In 1972, the notion of contraction mappings on probabilistic metric space was introduced by Sehgal and  Bharucha 

[1] and they proved that every such mapping on a complete Menger probabilistic metric space ሺܺ, ,ܨ ∆ሻ	has a unique 

fixed  point. Subsequently, Sherwood  [2]  showed that a very large  class of ݐ-norms it is possible to construct complete  

Menger  probabilistic metric space together with contraction mapping which have  no fixed point. Recently,   Hicks [3] 

considered another   notion  of  contraction  mappings and he showed that every such mapping on a complete Menger  

probabilistic metric space ሺܺ, ,ܨ ∆ሻ	 has a unique fixed point. In this paper, we give the new version of Hicks type 

contraction in fuzzy metric space. 

     In this paper, we shall give a generalization of Hicks type contractions and  SB-type contractions on fuzzy metric 

spaces and prove some fixed point theorems for this new type contraction mappings on fuzzy metric spaces.  Let Գ be 

the set of all positive integers.  The structure of this paper is as follows. In Section 2, we recall some definitions and the 

uniform structure of fuzzy metric spaces. In Section 3, we give some concepts on SB-contraction and prove some fixed 

point theorems in fuzzy metric spaces. Section 4 is devoted to introduce a version of Hicks-contraction in fuzzy metric 

space. In section 5, we compare between of these two contractions. Our results generalize and extend many known 

results in fuzzy metric spaces and probabilistic metric spaces, see [4-6]. 

II. PRELIMINARIES 

In this section, some definitions and preliminary results are given which will be used in the sequel. 

Definition  2.1 [7].   A binary operation Δ: ሾ0,1ሿ ൈ ሾ0,1ሿ → ሾ0,1ሿ] is continuous	ݐ-norm if Δ   satisfying the following 

conditions: 

(1)  Δ	 is commutative and associative; 

(2)  Δ is   continuous; 

(3)  ∆	ሺܽ; 	1ሻ 	ൌ 	ܽ	݈݈ܽ	ݎ݋݂	ܽ	 ∈ 	 ሾ0; 	1ሿ;	

(4ሻ	∆	ሺܽ; 	ܾሻ 	൑ 	∆	ሺܿ; 	݀ሻ whenever a൑c and b ൑ d for all ܽ, ܾ, ܿ, ݀	 ∈ ሾ0; 	1ሿ. 
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Some typical examples of ݐ-norm are the following: 

                                   		∆	ሺܽ; 	ܾሻ 	ൌ 	ܾܽ;		                  (product) 

                                     ∆ (a; b) = min{a,b};          (minimum) 

                                  ∆	ሺܽ; 	ܾሻ 	ൌ ሼܽݔܽ݉	 ൅ ܾ െ 1,0ሽ;  (Lukasiewic) 

                                      ∆ሺܽ, ܾሻ ൌ ௔௕

௔ା௕ି௔௕
;              (Hamacher) 

 

Definition  2.2 [5].  A triple ሺܺ,ܯ, ∆ሻ is called a fuzzy metric space (briey, a FM-space) if ܺ	is an arbitrary (non-empty ) 

set, ∆ is a continuous t-norm and M is a fuzzy set on ܺ ൈ ܺ ൈ ሾ0,1ሻ	

such that the following axioms hold: 

(FM-1) ܯሺݔ, ,ݕ 0ሻ ൌ ,ݔ	݈݈ܽ	ݎ݋݂	0	 	ݕ ∈ 	ܺ, 

(FM-2) ܯሺݔ, ,ݕ ሻݐ 	ൌ 	ݐ	ݕݎ݁ݒ݁	ݎ݋݂	1	 ൐ 	ݔ	݂݅	ݕ݈݊݋	݀݊ܽ	݂݅	0	 ൌ 	,ݕ	

(FM-3) ܯሺݔ, ,ݕ ሻݐ ൌ ,ݕሺܯ	 ,ݔ ,ݔ	݈݈ܽ	ݎ݋ሻ݂ݐ 	ݕ ∈ 	ݐ	݀݊ܽ	ܺ ൐ 	0,	

(FM-4) ܯሺݔ, ;	ݕ . ሻ ∶ 	 ሾ0;∞ሻ 	→ ሾ0; 	1ሿ	݅ݏ	ݐ݂݈݁	ݏݑ݋ݑ݊݅ݐ݊݋ܿ	ݎ݋݂	݈݈ܽ	ݔ; 	ݕ	 ∈ 	ܺ,	

(FM-5) ܯሺݔ, ,ݖ 	ݐ ൅ ሻݏ	 ൒ ∆൫ܯሺݔ, ,ݕ ,ݕሺܯ,ሻݐ ,ݖ ,ݔ	݈݈ܽ	ݎ݋݂	ሻ൯ݏ ,ݕ 	ݖ ∈ ,ݐ	݈݈ܽ	ݎ݋݂	݀݊ܽ	ܺ	 ݏ ∈ ሾ0,∞ሻ.	

We will refer to the fuzzy metric spaces in the sense of Kramosil and Michalek as KM-fuzzy metric spaces. If, in the 

above definition, the condition (FM-5) is replaced by the condition: 

(FM-5A) ܯሺݔ, ,ݐmaxሼ,ݖ ሽሻݏ ൒ ∆൫ܯሺݔ, ,ݕ ,ݕሺܯ,ሻݐ ,ݖ ,ݔ	݈݈ܽ	ݎ݋݂	ሻ൯ݏ ,ݕ 	ݖ ∈ ,ݐ	݈݈ܽ	ݎ݋݂	݀݊ܽ	ܺ	 ݏ ∈ ሾ0,∞ሻ.		 

Then 	 ሺܺ,ܯ, ∆ሻ  is called a strong  metric space. It is easy to check that (FM-5A) implies (FM-5), that 

 is, every strong fuzzy metric space is it-self a fuzzy metric space. 

 

Definition  2.3 [9].  A triple ሺܺ,ܯ, ∆ሻ is called a fuzzy metric space (briey, a FM-space)  if ܺ	is an arbitrary (non-empty) 

set, ∆ is a continuous t-norm and M is a fuzzy set on ܺ ൈ ܺ ൈ ሾ0,1ሻ  such that the following axioms hold:	

(FM-1) ܯሺݔ, ,ݕ ሻݐ ൐ ,ݔ	݈݈ܽ	ݎ݋݂	0	 	ݕ ∈ ݐ	݀݊ܽ	ܺ	 ൐ 0, 

(FM-2) ܯሺݔ, ,ݕ ሻݐ 	ൌ 	ݐ	ݕݎ݁ݒ݁	ݎ݋݂	1	 ൐ 	ݔ	݂݅	ݕ݈݊݋	݀݊ܽ	݂݅	0	 ൌ 	,ݕ	

(FM-3) ܯሺݔ, ,ݕ ሻݐ ൌ ,ݕሺܯ	 ,ݔ ,ݔ	݈݈ܽ	ݎ݋ሻ݂ݐ 	ݕ ∈ 	ݐ	݀݊ܽ	ܺ ൐ 	0,	

(FM-4) ܯሺݔ, ;	ݕ . ሻ ∶ 	 ሾ0;∞ሻ 	→ ሾ0; 	1ሿ	݅ݏ	ݐ݂݈݁	ݏݑ݋ݑ݊݅ݐ݊݋ܿ	ݎ݋݂	݈݈ܽ	ݔ; 	ݕ	 ∈ 	ܺ,	

(FM-5) ܯሺݔ, ,ݖ 	ݐ ൅ ሻݏ	 ൒ ∆൫ܯሺݔ, ,ݕ ,ݕሺܯ,ሻݐ ,ݖ ,ݔ	݈݈ܽ	ݎ݋݂	ሻ൯ݏ ,ݕ 	ݖ ∈ ,ݐ	݈݈ܽ	ݎ݋݂	݀݊ܽ	ܺ	 ݏ ∈ ሾ0,∞ሻ.	

We will refer to the fuzzy metric spaces in the sense of George and Veeramani as GV-fuzzy metric spaces. 

Example  2.1 [9].  (1) Let ሺܺ, ݀ሻ be a metric space. Define a ݐ-norm by	∆ሺܽ, ܾሻ 	ൌ 	ܾܽ, and set 

,ݔௗሺܯ ,ݕ ሻݐ ൌ
ݐ

ݐ ൅ ݀ሺݔ, ሻݕ
; 

,ݔ	݈݈ܽ	ݎ݋݂							 	ݕ ∈ 	ݐ	݀݊ܽ	ܺ ൐ 	0.  

Then ሺܺ,ܯௗ, ∆ሻ is a strong fuzzy metric space; ܯௗ is called the standard fuzzy metric induced by d. It is interesting to 

note that the topology induced by the ܯௗ	and the corresponding metric  d coincide. 

(2)  Let ሺܺ, ݀ሻ  be a metric space. Define a t-norm by ∆ሺܽ, ܾሻ 	ൌ 	ܾܽ  and set 

,ݔሺܯ       ,ݕ ሻݐ ൌ exp	ቀെ ቂ
ௗሺ௫,௬ሻ

௧
ቃቁ ,   for all ݔ, 	ݕ ∈ 	ܺ and  t > 0. 

   Then 	ሺܺ,ܯ, ∆ሻ	 is  a strong fuzzy metric space. 
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Lemma  2.1 [8].  Let ሺܺ,ܯ, ∆ሻ	 be a FM-spaces. Then ܯሺݔ, ,ݕ ,ݔ for all  ,ݐ  ሻ is non-decreasing with respect toݐ 	ݕ ∈ 	ܺ. 

Lemma 2.2 [11].  Let ሺܺ,ܯ, ∆ሻ	  be a FM-spaces. If there exists ݇	 ∈ 	 ሺ0, 1ሻ such that 

,ݔሺܯ ,ݕ ሻݐ݇ 	൒ ,ݔሺܯ	 ,ݕ 	ሻݐ

for all ݔ, 	ݕ ∈ 	ܺ  and ݐ	 ൐ 	0, then ݔ	 ൌ  .ݕ	

 

Definition 2.4 [9].  Let ሺܺ,ܯ, ∆ሻbe a fuzzy metric space with a continuous ݐ-norm  ∆. 

(1) A sequence ሼݔ௡ሽ			in ܺ is said to be convergent to ݔ in ܺ if for every ߝ ൐ 0		and  

ߣ ൐ 0				there exists a positive integer ܰ such that ܯሺݔ௡, ,ݔ ሻߝ ൐ 1 െ 	݊ whenever  ߣ ൒ 	ܰ; 

(2) A sequence ሼݔ௡ሽ			in ܺ is said to be Cauchy sequence in  ܺ if for every ߝ ൐ 0		and  

ߣ ൐ 0				there exists a positive integer ܰ such that 	ܯሺݔ௡, ,௠ݔ ሻߝ ൐ 1 െ 	݉,݊ whenever  ߣ ൒ 	ܰ; 

 (3) ሺܺ,ܯ, ∆ሻ is complete if every Cauchy sequence in ܺ is convergent to some point in ܺ. 

        The ሺߝ, ሻߣ െtopology ߬ in a fuzzy metric space is introduced by the family of neighborhoods 

ݔ of a point 	ݔܰ ∈ ܺ given by 

                                         ௫ܰ ൌ ሼ ௫ܰሺߝ, :ሻߣ ߝ ൐ ߣ	݀݊ܽ	0 ∈ ሺ0,1ሻሽ 

where 

         ௫ܰሺߝ, ሻߣ ൌ ሼݕ ∈ ,ݔሺܯ:ܺ ,ݕ ሻߝ ൐ 1 െ    .ሽߣ

The ሺߝ, ݔ ሻ-topology ߬ is a Hausdorff and first countable.   In this topology the function ܶ is continuous  atߣ ∈ ܺ		if and 

only if for every sequence  ݔ௡ → ௡ݔܶ it holds that  ݔ →  .ݔܶ

 

III. SB-CONTRACTION MAPPINGS IN FM-SPACES 

In this section, we give some fixed point theorems of the SB-contraction type in fuzzy metric spaces. 

 

Definition 3.1.  Let ሺܺ,ܯ, ∆ሻ be a fuzzy metric space with continuous ݐ-norm  ∆. A mapping  ܶ ∶ 	ܺ	 → 	ܺ  is a 

contraction mapping (or a SB-contraction mapping) if and only if there is an ߤ ∈ ሺ0,1ሻsuch that 

,ݔሺܶܯ ,ݕܶ ሻݐ ൒ ܯ ቀݔ, ,ݕ ௧
ఓ
ቁ,   for every ݔ, ݕ ∈ ܺ and ݐ ൐ 0.            (1) 

 

Lemma 3.2. Let ሺܺ,ܯ, ∆ሻ  be a fuzzy metric space with continuous ݐ-norm ∆	. Let ܶ ∶ 	ܺ	 → 	ܺ 

be a contraction mapping satisfying condition  (1). Then either 

1) ܶ  has a unique fixed point, or 

2) For every ݌଴ ∈ ܺ, sup൛ܩ௣బሺݐሻ: ݐ ൒ 0ൟ ൏ 1,  where 

ሻݐ௣బሺܩ ൌ ݅݊ ௡݂ሼܯሺ݌଴, ,௠݌ ௠݌			:ሻݐ ൌ ݉,௠ିଵ݌ܶ ∈ Գሽ. 
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Proof.   Suppose that there exists a point ݌଴ ∈ 	ܺ such that  sup൛ܩ௣బሺݐሻ: ݐ ൒ 0ൟ ൌ 1 . Then we  have 

,௡݌ሺܯ ,௡ା௠݌ ሻݐ ൒ ,଴݌ሺܯ ,௠݌
௧

ఓ೙
ሻ ൒ ௣బܩ ቀ

௧

ఓ೙
ቁ. 

Thus, since ܩ௣బ	 is non-decreasing, 

lim
௡→∞

,௡݌ሺܯ ,௡ା௠݌ ሻݐ ൌ 1	

for all ݐ	 ൐ 	0 independent of  ݉, i.e.,  ሼ݌௡ሽ				is a Cauchy sequence in a ߬-complete fuzzy metric space.  Consequently, 

there is a point  ݌∗ ∈ ܺ	such that    ሼ݌௡ሽ			 converges to ݌∗. To see that  ܶ݌∗ ൌ  it suffices to notice that, for every			∗݌

positive integer ݊, 

,∗݌ሺܶܯ ,∗݌ ሻݐ ൒ ∆ቆܯ ൬ܶ݌∗, ,௡݌
ݐ
2
൰ ܯ, ൬݌∗, ,௡݌

ݐ
2
൰ቇ 

                                                     			൒ ∆ ൬ܯ ቀܶ݌∗, ,௡ିଵ݌
௧

ଶ
ቁ ܯ, ቀ݌∗, ,௡݌

௧

ଶ
ቁ൰. 

Thus, for all   ݐ	 ൐ 	0, we have 

,∗݌ሺܶܯ ,∗݌ ሻݐ ൒ ∆ቆܯ ൬ܶ݌∗, ,௡ିଵ݌
ݐ
2
൰ ܯ, ൬݌∗, ,௡݌

ݐ
2
൰ቇ ൌ 1. 

Therefore, 		݌∗	is the unique fixed  point  of 	ܶ. This achieves the proof. 

Theorem  3.3.  Let  ሺܺ,ܯ,݉݅݊ሻ be a complete fuzzy metric space with continuous t-norm min. 

Let  ܶ ∶ 	ܺ	 → 	ܺ be a contraction mapping satisfying condition (1). Then ܶ has a fixed point in ܺ. 

Proof.   Let ݌଴ 	∈ 	ܺ and let  ሼ݌௡ሽ	be the sequence of iterates of  ݌଴  defined by ݌௡ ൌ ݊  ,௡ିଵ݌ܶ ൌ 1,2, ….  Then for every 

positive integer ݉, 

ሺ1 െ ߤሻሺߤ ൅ ଶߤ ൅⋯൅ ௠ሻߤ ൌ ߤ െ ௠ାଵߤ ൏ 1, 

whence  we have 

,଴݌ሺܯ ,௠݌ ሻݐ ൒ ,଴݌ሺܯ ,௠݌ ሺ1 െ ߤሻሺߤ ൅ ଶߤ ൅⋯൅  ሻݐ௠ሻߤ

                                                           ൒ ݉݅݊ሺܯሺ݌଴, ,௠݌ ሺ1 െ ,ሻݐሻߤ … ,௠ିଵ݌ሺܯ, ,௠݌ ሺ1 െ         ሻሻݐ௠ିଵߤሻߤ

                                                           ൒ ,଴݌ሺܯ ,ଵ݌ ሺ1 െ  ሻݐሻߤ

Thus  ܩ௣బܯሺ݌଴, ,ଵ݌ ሺ1 െ :ܫ  ሻ,  whereܫሻߤ Թା → Թା   is the identity function. Therefore, the conclusion now follows from 

Lemma 3.2.  This achieves the proof. 

 

IV. HICKS FIXED POINT THEOREM AND ITS GENERALIZATION 

In 1983,   Hicks [3]  introduced another notion of contraction mappings, which refer to as an contraction. In this 

section, we present the version of  H-contraction in fuzzy metric space. 

 

Definition  4.1.  Let ሺܺ,ܯ, ∆ሻ  be a fuzzy metric space with continuous ݐ െnorm ∆. A mapping 

ܶ ∶ 	ܺ	 → 	ܺ	  is called ܪ-contraction mapping if for any ݐ	 ൐ 	0 and for any  ݔ, ݕ ∈ ܺ, 

,ݔሺܶܯ ,ݕܶ ሻݐ݇ ൐ 1 െ  (2)                 ݐ݇

whenever  ܯሺݔ, ,ݕ ሻݐ 	൐ 	1	 െ 	݇ where   ,ݐ	 ∈ 	 ሺ0,1ሻ  is a constant. 
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Lemma 4.2.  Let ሺܺ,ܯ, ∆ሻ  be a complete fuzzy metric space with continuous ݐ െnorm ∆,  ܶ ∶ 	ܺ	 → 	ܺ   be ܪ-

contraction mapping satisfying (2), 

1) For any ߝ ൐ 0, ߣ ൐ 0, there exists a positive integer ݊ሺߝ, ,݌ ሻ such that for allߣ ݍ ∈ ܺ and 

݊ ൒ ݊ሺߝ,   , ሻߣ

,݌ሺܶ௡ܯ ܶ௠ݍ, ሻߝ ൐ 1 െ  (3)                    ,ߣ

2) ܶ has at most one fixed point in ܺ, 

3) ܶ	 is uniformly continuous. 

 

Proof.  (1)  Since clearly ܯሺ݌, ,ݍ 1	 ൅ ሻߝ	 ൐ 	1 െ	ሺ1	 ൅  ሻ,  it follows from (2) thatߝ	

,݌൫ܶ௡ܯ ܶ௠ݍ, ݇௡ሺ1 ൅ ሻ൯ߝ ൐ 	1 െ ݇௡ሺ1 ൅  .	ሻߝ

 Since ݇	 ∈ 	 ሺ0,1ሻ   for any  ߳ ൐ 0, ߣ ∈ ሺ0,1ሻ  , there exists ݊ሺߝ, ሻߣ ∈ Գ  such that ݇௡ሺ1 ൅ ሻߝ ൑ min	ሼߝ,  ሽ    for  anyߣ

݊ ൒ ݊ሺߝ, ݊ ሻ.   Hence for anyߣ ൒ ݊ሺߝ,  ሻ, we haveߣ

,݌ሺܶ௡ܯ ܶ௠ݍ, ሻߝ ൒ ,݌൫ܶ௡ܯ ܶ௠ݍ, ݇௡ሺ1 ൅ ሻ൯ߝ ൐ 1 െ ݇௡ሺ1 ൅ ሻߝ ൒ 1 െ  .ߣ

(2)  If   ݌, 	ݍ ∈ 	ܺ	are fixed points of  ܶ, then for any ݊ ൒ 1and  ܶ௡݌ ൌ ,݌ 		ܶ௠ݍ ൌ  By the conclusion (1), for any  . ݍ

ߝ ൐ 0  and for any  ߣ ∈ ሺ0,1ሻ,   ܯሺ݌, ,ݍ ሻߝ ൐ 1 െ 	݌ This implies that  . ߣ ൌ  .ݍ	

(3)  Let  ߝ ൐ 0  and  ߣ ∈ ሺ0,1ሻ be given and choose  ߜ ൐ 0 such that  ݇ߜ ൏ ݉݅݊ሼߝ, ,݌  ሽ.  Now ifߣ ݍ ∈ ܰሺߜ,  ሻ, whereߜ

ܰሺߜ, ,ߜሻ  is the ሺߜ ,݌ሺܯ ,.ሻ  -neighborhood, i.eߜ ,ݍ ሻߜ ൐ 1 െ   contraction mapping, we have-ܪ Since ܶ is a  .ߜ

,݌ሺܶܯ ,ݍܶ ሻߜ݇ ൐ 1 െ  Hence, it follows that  .ߜ

,݌ሺܶܯ ,ݍܶ ሻߝ ൒ ,݌ሺܶܯ	 ,ݍܶ ሻߜ݇ ൐ 	1 െ 	ߜ݇	 ൐ 	1 െ  ,ߜ

which means that 	ሺܶ݌, ሻݍܶ 	∈ 	ܰሺߝ	,  .ሻ.  This achieves the proofߣ

 

Theorem 4.3.  Let ሺܺ,ܯ, ∆ሻ  be a complete fuzzy metric space with continuous ݐ െnorm ∆ such that 

,૙ழ௧ழଵ∆ሺ࢚࢖࢛࢙ ࢚ሻ ൌ ૚. Then each ܪ-contraction mapping ܶ on ܺ has a unique fixed point and, for any	݌଴ ∈ ܺ, the 

iterative sequence ሼܶ௡݌଴ሽ converges to this fixed   point. 

 

Proof.  Let  ߝ ൐ 0  and  ߣ ∈ ሺ0,1ሻ be given. By Lemma  4.2 (1) there exists a positive integer ݊ሺߝ,  .ሻ such that  (3) holdsߣ

Taking ݌ ൌ ݍ ௠ and݌ ൌ ݊ ଴, then for all݌ ൒ ݊ሺߝ, ݉ ሻ  andߣ ൒ 1, we have 

,௡ା௠݌ሺܯ ,௡݌ ሻߝ ൌ ,௡݌ሺܶ௡ܯ ܶ௡݌଴, ሻߝ ൐ 1 െ  . ߝ

Therefore, ሼ݌௡ሽ	is a Cauchy sequence. Since ܺ is complete, we may assume that  ݌௡ →  By Lemma 4.2,  it follows  .∗݌

that  ܶ݌∗ ൌ  .and it is unique. This achieves  the proof	is a fixed point of ܶ ∗݌ ,.i.e ,  .  .∗݌

If  the  ݐ െnorm ∆ in Theorem 2 satisfies the following condition: 

∆ሺܽ, ܾሻ ൒ ሼܽݔܽ݉ ൅ ܾ െ 1,0ሽ, ܽ, ܾ ∈ ሾ0,1ሿ,                        (4) 

then we have the following:                

Theorem 4.4.  Let ሺܺ,ܯ, ∆ሻ  be a complete fuzzy metric space with continuous ݐ െnorm ∆ satisfying (4). Then 

a)    ݀∗ሺݔ, ሻݕ ൌ ݐ௧ሼ݌ݑݏ ∈ Թା:ܯሺݔ, ,ݕ ሻݐ ൑ 1 െ  ሽ                       (5)ݐ

is a metric on ܺ, and the metric topology on ܺ	induced by ݀∗	 coincides with the topology ߬ on ܺ induced by the family 

of neighborhoods: 

ሼܷ ⊂ ܺ: ݔ	݄ܿܽ݁	ݎ݋݂ ∈ ܺ, ߝ	ݏݐݏ݅ݔ݁	݁ݎ݄݁ݐ ൐ 	ݐ݄ܽݐ	݄ܿݑݏ	0 ௫ܰሺߝ, ሻߝ ⊂ ܷሽ,          (6) 

where  ௫ܰሺߝ, ሻߝ ൌ ሼݕ ∈ ,ݔሺܯ:ܺ ,ݕ ሻߝ ൐ 1 െ  .ሽߝ
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b) The mapping  ܶ: ܺ → ܺ  is an ܪ-contraction on ሺܺ,ܯ, ∆ሻ  if and only if ܶ is a  Banach contraction mapping on 

the metric space ሺܺ, ݀∗ሻ , if and only if there exists a ݇ ∈ ሺ0,1ሻ such that  

݀∗ሺܶݔ, ሻݕܶ ൑ ݇݀∗ሺݔ,  ሻ                    (7)ݕ

Proof.  (a)    First we point out from the definition of  ݀∗ defined by (5) has the following property: 

݀∗ሺݔ, ሻݕ ൏ ݐ ⟺ ,ݔሺܯ ,ݕ ሻݐ ൐ 1 െ ݐ			,ݐ ൐ 0             (8) 

Now we prove that ݀∗	 is a metric on ܺ. In fact, it is obvious that ݀∗ሺݔ, ሻݕ ൒ 	0, ݀∗ሺݔ, ሻݕ 	ൌ 	݀∗ሺݕ, 	ሻݔ

and   ݀∗ሺݔ, ሻݕ 	ൌ 	0	if and only if  ݔ	 ൌ ߝ Besides,  by the definition of  ݀∗, for any   .ݕ	 ൐ 0    and ݔ, ,ݕ 	ݖ ∈ 	ܺ,   we have 

,ݔቀܯ ,ݖ ݀∗ሺݔ, ሻݖ ൅
ఢ

ଶ
ቁ ൐ 1 െ ݀∗ሺݔ, ሻݖ െ

ఢ

ଶ
  , 

,ݕቀܯ ,ݖ ݀∗ሺݕ, ሻݖ ൅
ఢ

ଶ
ቁ ൐ 1 െ ݀∗ሺݕ, ሻݖ െ

ఢ

ଶ
.                     (9) 

Hence from the definition of   FM-space and the above expression it follows that 

,ݔሺܯ ,ݕ ݀∗ሺݔ, ሻݖ ൅ ݀∗ሺݕ, ሻݖ ൅ ሻߝ ൒ ∆ ൬ܯ ቀݔ, ,ݖ ݀∗ሺݔ, ሻݖ ൅
ఢ

ଶ
ቁ ܯ, ቀݕ, ,ݖ ݀∗ሺݕ, ሻݖ ൅

ఢ

ଶ
ቁ൰  

                        ൒ ,ݔቀܯ ,ݖ ݀∗ሺݔ, ሻݖ ൅
ఢ

ଶ
ቁ ൅ ܯ ቀݕ, ,ݖ ݀∗ሺݕ, ሻݖ ൅

ఢ

ଶ
ቁ െ 1 

                                                     ൒ 1 െ ሺ݀∗ሺݔ, ሻݕ ൅ ݀∗ሺݕ, ሻݖ ൅                 .ሻߝ

Using (8), we have 

݀∗ሺݔ, ሻݕ ൏ ݀∗ሺݔ, ሻݖ ൅ ݀∗ሺݖ, ሻݕ ൅  ߝ

Letting ߝ → 0, we have 

݀∗ሺݔ, ሻݕ ൑ ݀∗ሺݔ, ሻݖ ൅ ݀∗ሺݖ, ,ݔ ሻ,  for  allݕ ,ݕ ݖ ∈ ܺ. 

Next, in order to prove the metric topology induced by ݀∗ coincides with the topology ߬ induced by  the family of 

neighborhoods defined by (6), it suffices to note from (8) we can prove that 

௫ܰሺߝ, ሻݐ ൌ ሼݕ ∈ ܺ: ݀∗ሺݔ, ሻݕ ൏  ሽߝ

This achieves the proof   of    (a). 

 (b)  If  ܶ ∶ 	ܺ	 → 	ܺ    is an ܪ-contraction on 	ሺܺ,ܯ, ∆ሻ, then for any 	ݐ	 ൐ 	0 such that   	ܯሺݔ; ;ݕ	 ሻݐ	 ൐ 1 െ  we have   ,ݐ

,ݔሺܶܯ ,ݕܶ ሻݐ݇ ൐ 	1 െ  .ݐ݇

By (8), that is to say, for any ݐ	 ൐ 	0, if    ݀ ∗	ሺݔ, ሻݕ 	൏ ,ݔthen we have ݀∗ሺܶ  , ݐ	 ሻݕܶ 	൏  Letting .ݐ݇	

ݐ → ݀∗ሺݔ, ,ݔ  ሻ for allݕ 	ݕ ∈ ܺ, we have 

݀∗ሺܶݔ, ሻݕܶ 	൑ 	݇݀∗ሺݔ, 	ሻ                    (10)ݕ

This shows that ܶ is a Banach contraction mapping on 	ሺܺ, ݀∗ሻ.  Conversely, if ܶ is a Banach contraction mapping on 

	ሺܺ, ݀∗ሻ	satisfying (10), then for any ݐ	 ൐ 	0 such that ܯሺݔ, ,ݕ ሻݐ ൐ 	1 െ ,ݔBy (8), we have ݀∗ሺ   .ݐ	 ሻݕ 	൏  ,From (10)   . ݐ	

it follows  that  ݀∗ሺܶݔ, ሻݕܶ 	൏  Hence  .ݐ݇	

,ݔሺܶܯ ,ݕܶ ሻݐ݇ ൐ 	1 െ 	.ݐ݇	

which shows that ܶ is a ܪ-contraction. This achieves the proof of (b). 
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V. COMPARISON  OF  ࡮ࡿ-CONTRACTION AND ࡴ-CONTRACTION 

It follows at once from Theorem 4.3  that every ܪ-contraction on a complete fuzzy metric space 

ሺܺ,ܯ, ∆ሻ with ∆൒ ∆௠ has a unique fixed point. But this not the case  for ܵܤ-contraction. Thus a SB-contraction need not 

be an ܪ-contraction. Similarly, as the following shows, an H-contraction need not be a ܵܤ-contraction. 

Example  5.1.  Let ܧ ൌ Գ ∪ ሼ0ሽ and for any ݌, ݍ ∈   define ,ܧ

,ሺ࢞ࡹ ࢟, ࢚ሻ ൌ ቐ
૙,																															ࢌ࢏	࢚ ൑ ૛ି࢔࢏࢓ሼࢗ,࢖ሽ;

૚ െ ૛ି࢔࢏࢓ሼࢗ,࢖ሽ,								ࢌ࢏	૛ି࢔࢏࢓ሼࢗ,࢖ሽ ൏ ݐ ൑ 1;
૚,																																																														ࢌ࢏	࢚ ൐ 1.

	

It is straightforward to verify that ሺܺ,ܯ,݉݅݊ሻ  is a fuzzy metric space. Define ܶ ∶ 	ܧ	 → by ܶሺ݊ሻ ܧ 	ൌ 	݊	 ൅ 	1. Since 

݉݅݊	 ൒ ∆݉  and  

ݐ௧ሼ݌ݑݏ ∈ Թା:ܯሺܶݔ, ,ݕܶ ሻݐ ൑ 1 െ ሽݐ ൌ
1
2
ݐ௧ሼ݌ݑݏ ∈ Թା:ܯሺݔ, ,ݕ ሻݐ ൑ 1 െ  ,ሽݐ

therefore,  if ݐ	 ൐ 	0 and satisfies ܯሺݔ, ,ݕ ሻݐ ൐ 	1 െ ,ݔቀܶܯ  then we have  ,ݐ	 ,ݕܶ
ଵ

ଶ
ቁݐ ൐ 1 െ

ଵ

ଶ
. This  means that ܶ is a ܪ-

contraction mapping on 	ሺܯ,ܧ,݉݅݊ሻ.  Next, let 	ݎ	 ∈ 	 ሺ0,1ሻ be any number and choose  ݐ ∈
ଵ

௥
.   Then ݐݎ	 ൏ 	1, so that	

,ሺܶሺ0ሻܯ ܶሺ1ሻ, ሻݐݎ ൌ ,ሺ1,2ܯ ሻݐݎ ൑
1
2
൏ 1 ൌ ,ሺ0,1ܯ  .ሻݐ

Thus ܶ is a ܵܤ-contraction mapping. The above discussion shows in general the ܪ-contraction and ܵܤ-contraction are 

independent. 

   Now, the following lemma explains that that ܵܤ-contraction in a fuzzy metric space is stronger than that of ܪ-

contraction. 

Lemma  5.2.   Let 	ሺܺ,ܯ, ∆ሻ  be a fuzzy metric space. If   ܶ is ܵܤ-contraction  and if ܯሺܶݔ, ,ݕܶ . ሻ is strictly increasing 

on ሾ0, 1ሿ,  then ߚሺܶݔ	ݕܶሻ 	൏ ,ݔሺߚ	  ሻ,  whereݕ

,ݔሺߚ                                                           ሻݕ ൌ ݂݅݊ሼܯ:ݐሺݔ, ,ݕ ሻݐ ൐ 1 െ  .ሽݐ

Proof.  We find ߟ	such that 0 ൏ ߟ ൏ ଵିఊ

ఊ
,ݔሺߚ ,ݔሺߚ	 ሻ. Then, we haveݕ ሻݕ 	൐ ;ݔሺߚሾ	ߛ ሻݕ	 	൅  ሿ. Sinceߟ	

,ݔሺܶܯ ,ݕܶ . ሻ	  is strictly increasing on [0; 1],  so 0 ൑ ;ݔሺߚ ሻݕ	 	൑ 1,  and since ܶ is a ܵܤ-contraction, so  we have 

,ݔሺܶߚ ሻݕܶ ൌ ,ݔ൫ܶܯ	 ,ݕܶ ,ݔሺߚ ሻ൯ݕ ൐ ,ݔሺܶܯ	 ,ݕܶ ;ݔሺߚሾ	ߛ ሻݕ	 ൅  ሿሻߟ

൒ ,ݔ൫ܯ	 ,ݕ ,ݔሺߚ ሻ൯ݕ ൅ ߟ ൐ 1 െ ,ݔሺߚ  	ሻݕ

This implies that ߚሺܶݔ, ሻݕܶ 	൏ ,ݔሺߚ	  .ሻ.  This achieves the proofݕ

In general, every ܵܤ-contraction need not be an ܪ-contraction. To show this, we have the following example: 

Example 5.3.   For each integer  ݊, let ݌௡ ∶ 	 ሺ0,1ሻ 	→ Թା be given by ݌௡ሺݐሻ ൌ 2ି௡ሺ1 െ ܺ ଵ. Also, letିݐሻݐ ൌ

ሼ݌௡: ,ሺ0	 ሽ,  let ܲ be Lebsegue  measure onݎ݁݃݁ݐ݊݅	݊ܽ	ݏ݅	݊ 1ሻ,  and for ݔ	 ൒ 0,  let 

,௡݌ሺܯ ,௠݌ ሻݔ ൌ ܲሼݐ ∈ ሺ0,1ሻ: ሻݐ௡ሺ݌| െ |ሻݐ௠ሺ݌ ൏ ሽݔ ൌ
ݔ

ݔ ൅ |2ି௡ െ 2ି௠|
. 

Then, a function  ܶ ∶ 	ܺ	 → 	ܺ  defined by ܶሺ݌௡ሻ 	ൌ  .contraction-ܪ contraction but not is-ܤܵ ௡ାଵ is a݌	
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