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Abstract -The modified differential transform method (MDTM) is formed the subject by a large number of
publications. The MDTM is claimed to be an efficient method for obtaining periodic solution for the non-linear oscillatory
systems. This paper examines the periodic solution of Helmholtz equation of motion having a non-odd restoring force
function. The behavior of oscillations is expected to be different for the same magnitude of positive and negative
amplitudes. The solution of the Helmholtz equation obtained utilizing the MDTM is unable to capture the unequal
magnitudes of the positive and negative amplitudes for the specified frequency or the period. In addition to the
presentation on the drawbacks in the MDTM, this paper recommends the harmonic balance method for obtaining
accurate periodic solution of nonlinear Duffing oscillators.
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1.

INTRODUCTION

The differential transform method (DTM) is a semi-analytical-numerical technique for obtaining solution of
linear and nonlinear differential equations. The method of approach resembles the Taylor series approximation. The
governing differential equation along with the boundary conditions is transformed into a recurrence equation, which
results into a system of algebraic equations. By solving these equations, one can obtain the coefficients in the power
series solution. This method has been applied to solve structural dynamics problems, fluid flow problems, and so on
[1-6]. However, the series solution obtained using the DTM is found to diverge with finite number of terms. In
order to overcome such type of diverging solutions, the modified differential transform method (MDTM) is utilized
by combining the differential transform method, Laplace transform and the Pade’ approximant [7-25]. Many
researchers have utilized the MDTM to obtain an approximate solution for non-linear Duffing oscillators. They
claimed that their results are matching well with the numerical solutions using the fourth-order Runge-kutta
integration scheme [6-12].
Motivated by the work of the above researchers, the periodic solution of the Helmholtz equation having a nonodd restoring force function is examined in this paper. The behavior of oscillations is expected to be different for
the same magnitude of positive and negative amplitudes whereas the solution of the Helmholtz equation obtained
using the MDTM could not capture the unequal magnitudes of positive and negative amplitudes for the specified
period or the frequency. This paper presents the drawbacks of the MDTM while obtaining the periodic solution of
the Helmholtz equation and recommends the harmonic balance method [26-30] for obtaining accurate periodic
solution of nonlinear Duffing oscillators.
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The organization of presentation is as follows. As usual the problem is solved using DTM with nine terms in the
so called divergent series solution. Laplace transformation is applied to the series solution and expressed the result
with [4/4] Pade approximant. The inverse transform of the [4/4] Pade approximant results the solution in terms of
trigonometric functions, which avoid divergence representation of the series solution. In order to examine the
adequacy of the solution, the phase diagram for the Helmholtz equation of motion is generated and found the range
of the amplitudes for which the periodic solution exist. This study indicates the failure of the MDTM to provide the
unequal magnitudes of the positive and negative amplitudes for the same period. The problem is solved using the
higher order harmonics and demonstrated the expected behavior of the oscillations. This simple case study cautions
the usage of MDTM for nonlinear oscillations.

2.

SOLUTION OF THE HELMHOLTZ EQUATION

The objective of the present study is to examine the adequacy of the periodic solutions of Helmholtz equation
utilizing the modified differential transform method (MDTM):

d2y
 y  0.1 y 2  0
dt 2
y  1,

(1)

dy
 0 at t  0
dt

(2)

The function y (t ) in (1) is represented by a power series (or Taylor series) around the initial point ( t
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Here y (t ) is the original function and Y (k ) is the transformed function. Using the initial conditions (2) in (3), one
can find

 dy 
Y (0)   y t 0  1, Y (1)     0
 dt  t 0

(4)

Taking the differential transform of (1), one can find the recurrence relation as
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It should be noted that the recurrence relation (5) can be obtained by using (3) in (1), and comparing the coefficient
k

of t .
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From equations (4) and (5), one can find Y (0)  1; Y (1)  0 ;

Y (5)  0 ; Y (6)  

Y (2)  

1.1
1.32
; Y (3)  0 ; Y (4) 
;
2!
4!

2.31
7.128
; Y (7 )  0 ; Y (8) 
; Y (9)  0 ; …… Using these values in (3), the
6!
8!

following series solution is obtained:

y (t )  1  1.1

t2
t4
t6
t8
 1.32  2.31  7.128  ....
2!
4!
6!
8!

(6)

Applying the Laplace transformation to the series solution (6), one can find

1 1.1 1.32 2.31 7.128
y ( s)  L[ y(t )]   3  5  7  9  .....
s s
s
s
s

(7)

The [4/4] Pade approximant to y (s ) is
4

y (s) 

a0   a k s  k
k 1
4

1   bk s

(8)
k

k 1

4
4


 1   bk s k  y ( s )  a0   ak s k
k 1
 k 1


Use (7) in (9), and compare the coefficients of s

k

(9)

(k  0,1, 2, 3,.....,9). , one gets

a0  0

(10)

a1  1

(11)

b1  a 2

(12)

 1.1  b2  a3

(13)

 1.1b1  b3  a 4

(14)

1.32  1.1b2  b4  0

(15)

1.32b1  1.1b3  0

(16)

 2.31  1.32b2  1.1b4  0

(17)

 2.31b1  1.32b3  0

(18)

7.128  2.13b2  1.32b4  0

(19)
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Solving (15) and (17), one can find: b2  7.8 , b4  7.26 . From (13), a3  6.7 . Solving (16) and (18), one can
find: b1  b3  0 . From (14), a 4  0 . It should be noted that the above values do not satisfy (19). Hence,
equation (8) is referred as approximant. Equation (8) can be written in the form

y ( s)  L[Y (t )] 

s 1  6.7 s 3
s 3  6.7 s
s 3  6.7 s


, which can be in terms
1  7.8s 2  7.26s 4 s 4  7.8s 2  7.26 s 2  12 s 2  22







of partial fractions as


y(s) 

As
Bs
 2
2
s  1 s   22

(20)

2

The constants in (20) are:

A  0.996529 ; B  0.003471; 12  1.080425 ; and  22  6.719575 . The

inverse Laplace transformation to (20) provides the solution for (1) and (2) in the form

y (t )  A cos(1t )  B cos( 2 t )
Using the constants A, B, 1 and

(21)

 2 in (21), one can find the solution obtained by Momani and Ertݑሷ rk [7] using

the MDTM as

y (t )  0.996529 cos(1.03944 t )  0.003471 cos( 2.59221 t )

(22)

In order to examine the adequacy of the solution (22), the phase diagram for the Helmholtz equation of motion need
to be generated, which will be presented below.
2.1 Generation of Phase Diagram
The restoring force function in the equation of motion (1) is

f ( y )  y  0.1y 2 ,

(23)

which is a quadratic polynomial. Hence, it is a non-odd function. The behavior of oscillations is different for
positive and negative amplitudes. The singular points of the differential equation (1) in the phase diagram (i.e.,

dy
dt

versus y curve) obtained from the roots of f ( y ) are (0, 0) and (10, 0) . The derivative of f ( y ) with respect to

y is: f ( y )  1  0.2 y . Since, f (0)  1  0 and f ( 10)  1  0 , the singular point (0, 0) becomes a
centre, whereas the other point (10, 0) becomes a saddle point. Defining the potential energy function,
y

I ( y )   f ( ) d , (which implies that
0

dI
 f ( y ) ), the equation of motion (1) can be written in the form
dy

d 2 y dI

0
dt 2 dy

(24)
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Multiplyiing (24) by 2

dy
and applyying the initial conditions (2), one gets aftter integration
dt

2

 dy 
   2I ( y )  I (1)  0
 dt 

(25))

Equation (25) for the Helmholtz
H
equaation of motioon (1) with thee initial conditiions (2) can be written in thhe form
2

 dy 
15   (1  y ) ( y 2  16 y  166)
 dt 
Equatioon (26) repreesents the phaase diagram ((i.e.,

conditionns (2). The ploot of

(26))

dy
verssus y ) for thee differential equation (1) with initial
dt

dy
versuus y generated from (26) shoows closed booundary, whichh implies the existence of
dt

the perioddic solution. T
The magnitudee of the positivve and negativve amplitudes of the non-linnear oscillationns from (26)
are 1 andd -1.0717 respectively, whhich implies non-symmetrry of the phasse diagram with
w respect too

dy
axis,
dt

whereas it is symmetrric with respeect to y -axiss. Figure1 shoows the phasee diagram generated from (26) which
indicates unequal magnnitude of the ppositive and negative amplittudes. The reesults of (22) sshown in Figuure1 indicate
equal maggnitudes of poositive and neggative amplituudes.

Figuree1. Comparisonn of phase diaagrams of Helm
mholtz equatioon generated ffrom the solutiion of MDTM
M with the
exact solutioon
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The largeest enclosed cuurve (viz., sepparatrix) in thee phase-plane which passes just inside (
10, 0) can bbe generated
by replacing I (1) in (225) with I (1
10) results
2

 dy 
15   (5  y ) (10  y ) 2
 dt 

(27)

Helmholtz eqquation (1) is between
b
-10
From ((27), the rangee of amplitudees to obtain thhe periodic soolution of the H
and 5. Outside
O
this raange, the perriodic solutionn is not possible. If y (0)  6 , then the phase diagrram for the
Helmholttz equation of motion (1) beecomes
2

 dy 
15   (6  y ) ( y 2  21 y  126)
 dt 

(28)

For the caase y (0)  1
motion (1) cann be generated from
12 , the phasee diagram for tthe Helmholtzz equation of m
2

 dyy 
15   (12  y ) (4.68465  y ) (7.684465  y )
 dtt 

(29)

Figgure2. Comparrison of phasee diagrams gennerated from (26)
(
to (29) forr the y ( 0) vaalues 1, 5, 6 annd -12
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Figure2 shows the comparison of phase diagrams generated from equations (26) to (29) for the y (0) values 1, 5, 6
and -12. It should be noted that the phase diagram corresponding to y (0)  5 represents the separatrix, whereas it is
for y (0)  1 represents the closed boundary having periodicity.

The phase diagrams do not represent closed

boundaries for y (0)  6 and y (0)  12 respectively. Figure2 confirms the validity of the amplitudes to obtain
the periodic solution of the Helmholtz equation of motion (1). An attempt is made to obtain the solution of the
Helmholtz equation of motion (1) with the initial conditions y  5,

dy
 0 at t  0 . Using the MDTM, one can
dt

obtain the solution as

y (t )  4.943389 cos(1.186306 t )  0.056611 cos(3.0972045 t )

(30)

Figure3. Comparison of phase diagrams generated from (27) and (30) for y (0) =5
It is very interesting to note from Figure3 that the phase diagram generated from (30) will have close magnitudes
of positive and negative amplitudes, whereas the separatrix in Figure-2 indicates large difference in the magnitudes
of the positive and negative amplitudes. The MDTM provides the solution accurately near to the region where the
initial conditions are specified. An attempt is made to examine the behavior of nonlinear oscillations of the present
problem utilizing the method of harmonic balance [26-30]. Analysis results based on the harmonic balance method
are presented below.
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2.2 Harmonic Balance Method
The function y (t ) in (1) which satisfies the initial conditions (2), is assumed in the form

y (t )    (1   ) cos(t )

(31)

After the use of trigonometric identities and application of the method of harmonic balance to retain only constant
terms and terms of cos(t ) , two equations are obtained. From these two equations, the constant,
and the frequency parameter,

  0.05608

  0.99438 . The solution of (1) and (2) obtained from the lowest order harmonics

is

y (t )  0.05608  1.0561 cos( 0.99438 t ) ,

(32)

whereas, for the higher order harmonics, it is in the form

y (t )  0.05396  1.0359 cos( 0.9954 t )  0.018 cos(1.9908 t )

(33)

Figure4. Comparison of Phase diagrams of Helmholtz equation generated from the periodic solutions of Harmonic
balance method with the exact solution.
Figure4 shows the comparison of the phase diagrams generated from (26), (32) and (33). Equations (32) and (33)
show different magnitudes of the positive and negative amplitudes. Solution obtained from the higher order
harmonic is very close to the actual phase diagram of the Helmholtz equation.
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3.

CONCLUDING REMARKS

The behavior of oscillations of the Helmholtz equation of motion (1) with initial conditions (2) can be easily
understood through generation of phase diagrams. Hence, this problem is chosen in the present study to examine the
adequacy of the modified differential transform method (MDTM). The solution procedure is briefly explained in the
paper for clarity. Though the MDTM is claimed to be an efficient method for obtaining periodic solution for the
non-linear oscillatory systems, the periodic solution of the Helmholtz equation of motion could not capture the
unequal magnitudes of positive and negative amplitudes for the same period. Though the method seems to be
simple, the calculations are tedious. Change of initial conditions demands repetition of the procedure as being
followed in the numerical integration. Such complexity is not found while obtaining the periodic solution using the
method of Harmonic balance. The range of amplitudes is identified from the restoring force function for which the
periodic solution exists. The adequacy of that identified amplitude range is demonstrated through generation of
phase diagrams. For the case of large amplitudes, large difference is noticed in the magnitudes of positive and
negative amplitudes for the same period. MDTM is failed to provide such difference in the magnitudes of the
positive and negative amplitudes for a simple Helmholtz equation of motion. Usage of higher order harmonics in the
method of harmonic balance may provide realistic results. This case study clearly indicates that the modified
differential transform method (MDTM) improves DTM truncated series solution, which may not yield the true
periodic solution for the Helmholtz equation and cautions the usage of MDTM.
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